We study a family of 2d N = (0, 4) gauge theories which describes at low energy the dynamics of E-strings, the M2-branes suspended between a pair of M5 and M9 branes. The gauge theory is engineered using a duality with type IIA theory, leading to the D2-branes suspended between an NS5-brane and 8 D8-branes on an O8-plane. We compute the elliptic genus of this family of theories, and find agreement with the known results for single and two E-strings. The partition function can in principle be computed for arbitrary number of E-strings, and we compute them explicitly for low numbers. We test our predictions against the partially known results from topological strings, as well as from the instanton calculus of 5d Sp(1) gauge theory. Given the relation to topological strings, our computation provides the all genus partition function of the refined topological strings on the canonical bundle over 1 2 K3.
Introduction
Six dimensional superconformal theories with (2,0) and (1,0) supersymmetry enjoy a special status among all superconformal theories: they are at the highest possible dimension. They play a key role in various aspects of string dualities as well as in obtaining lower dimensional supersymmetric systems upon compactification. They are rather enigmatic as they include tensionless self-dual strings as their building blocks.
The study of these theories has recently intensified, leading to computations of their superconformal indices [1, 2, 3, 4] , the elliptic genera of the self-dual strings in the Coulomb branch [5, 6, 7] (see [8] for an earlier work), as well as a partial classification of 6d supercon-formal theories [9, 10, 11] . The aim of this paper is to take a step forward in this direction, in particular focusing on one of the most basic (1, 0) superconformal theories. The theory is known to arise in heterotic strings for small E 8 instantons [12, 13, 14] , and also when an M5 brane approaches the M9 brane boundary [13, 14] . It also has an F-theory dual description given by blowing up a point on C 2 base of F-theory [15, 16, 17] . This superconformal theory
has an E 8 global symmetry. It also has a one dimensional Coulomb branch, parameterized by a real scalar in the (1,0) tensor multiplet. In the M-theory setup, the scalar parameterizes the distance between M5 and M9 branes [18] . In F-theory setup, it parameterizes the size of the P 1 obtained by blowing up a point. On the Coulomb branch this theory has light strings,
known as E-strings [19] . In the M-theory setup they arise by M2 branes stretched between M5 brane and M9 brane. In F-theory setup they arise by wrapping D3 branes on the blown up P 1 . It is natural to ask whether one can find a nice description of E-strings. The main aim of this paper is to find such a description and use it to compute the twisted partition function of such strings on T 2 . More precisely we would be computing the elliptic genus of E-strings on
Knowing the elliptic genus of E-strings is useful in its own right, as well as for uncovering aspects of the superconformal theory. For example, a basic quantity one may wish to compute for a superconformal theory is its superconformal index, which involves the computation of its partition function on S 1 × S 5 with suitable fugacities turned on along S 1 . As was argued in [2, 3] (see also [20, 21] ), the computation of the superconformal index reduces to an integral over the Coulomb branch where the integrand consists of three copies of elliptic genus of the corresponding strings.
If one is computing supersymmetry protected quantities, such as elliptic genus, we can change parameters to make the computation easy. In particular one can change parameters and use string dualities to find a suitable description of the resulting strings. This strategy was employed in particular for M-strings and their orbifolds [5, 6] . Two basic ways were used to compute the elliptic genus of the M-strings: one was to use string dualities to map the 2d theory to a super-Yang-Mills type gauge theory and use the technique developed recently [22, 23, 24] to compute their elliptic genera. The other way was to use the relation of the elliptic genus to BPS quantities upon circle compactification of these theories, that can in principle be computed using topological strings.
In the context of E-strings we employ the former method, and identify the gauge theory which captures their low energy physics. This is done by considering the duality of M-theory with type IIA, by introducing a circle transverse to M5 brane, leading to a system involving NS5-brane and where the M9 brane is replaced by O8 plane with 8 D8 branes on it. The M2 branes suspended between M5 and M9 branes map to D2 branes suspended between NS5-brane and O8-D8 pair. We find a simple (0, 4) supersymmetric quiver describing this system with O(n) gauge symmetry, where n denotes the number of suspended M2 branes. We use it to compute the elliptic genus of n E-strings by employing the techniques developed in [23, 24] .
The other method of computing the elliptic genus of E-string involves the F-theory picture. Namely, we compactify the theory on a circle leading to an M-theory description, and consider the BPS states of wrapped M2 branes, which correspond to E-strings wound around S 1 [25] .
M-theory geometry involves the canonical bundle over 1 2 K3. As is well known, the BPS states of M2 branes wrapped on it, are captured by topological string amplitudes [26, 27] . In this context the (refined) topological string for 1 2 K3 has been computed to a high genus [28, 29] , though an all genus answer is not available. So our method leads to a complete answer for refined topological string on 1 2 K3. Our answer can also be related to N = 4 Yang-Mills in d = 4 in two different ways. In the F-theory setup, E-strings arise by wrapping D3 branes on a P 1 . From this perspective the elliptic genus of n E-strings gets mapped to the study of n D3 branes on T 2 × P 1 , i.e. the partition function of N = 4 U(n) Yang-Mills on this geometry.
Except that the coupling constant of Yang-Mills τ is not a constant and varies over P 1 according to the complex structure of the elliptic curve given by
where z parameterizes the P 1 and f 4 and g 6 are polynomials of degree 4 and 6 respectively.
Note that this takes into account the S-duality of U(n) Yang-Mills. Moreover lifting this to M-theory leads to n M5 branes on
K3, which gets mapped to U(n) N = 4 Yang-Mills on 1 2 K3 [30] (for the SU(2) case see [31] and for computations in related cases see [32] ).
Explicit computations for the elliptic genus are now straightforward, but somewhat cumbersome. Nevertheless we carry it out explicitly for the case of n E-strings for n = 1, 2, 3, 4, and also explain the concrete procedures needed to compute the elliptic genus in the case with general n. The case with n = 1 was already known in [19] , and the case with n = 2 was recently found in [7] . For the other two cases we check our results against partial results from topological strings on 1 2 K3 (where low genus answer is known). We also check them at n = 4 against a recent proposal of [33] , where the elliptic genus was proposed at a special value of E 8 fugacities with reduced symmetry SO(8) × SO(8) ⊂ E 8 . In all these cases we find agreements with our computations.
Finally, we explain an alternative method to compute the E-string elliptic genus, from the instanton calculus of 5d SYM theories with Sp(1) gauge group and 8 fundamental hypermultiplets. The index for k instantons captures the k'th order coefficient of the elliptic genus expanded in the modular parameter, but keeps the information on all higher E-strings' spectrum at this order. It was recently shown in [34] how to compute this index. Making double expansions of the indices of our 2d gauge theory and the instanton quantum mechanics, we confirm that the indices computed from the two approaches agree with each other.
The organization of this paper is as follows: In section 2 we describe the basic type IIA brane setup. In section 3 we use this to compute the elliptic genera of E-strings. We give the explicit details for 1, 2, 3, 4 E-strings and indicate how the higher case works. We also compare with (partial) known results. In section 4 we also formulate how the E-string partition function can be computed using 5 dimensional Yang-Mills instantons, and compare the results with those obtained in section 3. In section 5 we present some concluding remarks. Some technical details are relegated to the appendices.
The brane setup and the 2d (0, 4) gauge theories
We construct a brane system in the type IIA string theory, which at low energy engineers the 6d E 8 SCFT and the 2d CFT for E-strings. We first take an NS5-brane to wrap the 013456 directions, located at x 2 = L (> 0), x 7 = x 8 = x 9 = 0. An O8-plane and 8 D8-branes (or 16 D8-branes in the covering space of orientifold) wrap 013456789 directions, located at x 2 = 0. To describe E-strings, n D2-branes are stretched between the NS5 and 8-brane system (0 < x 2 < L), occupying 012 directions. x 1 direction is compactified to a circle. This brane system has SO(4) 1 × SO(3) 2 = SU(2) L × SU(2) R × SU(2) I symmetry which rotates 3456 and 789 directions. We denote by α, β, · · · = 1, 2,α,β, · · · = 1, 2 and A, B, · · · = 1, 2 the doublet indices of these three SU(2) symmetries. See Table 1 and Fig. 1 . , where ℓ s , g s are the string scale and the coupling constant, one obtains a weakly coupled 2d Yang-Mills description with coupling constant g Y M . (One can take g s to be sufficiently small, and L to be sufficiently larger than ℓ s .) When E ≪ g YM , the 2d Yang-Mills theory is strongly coupled and is expected to flow to an interacting SCFT. In terms of the Planck scale ℓ P ∼ g
1/3
s ℓ s of M-theory and the radius R ∼ g s ℓ s of the x 10 circle, the strong coupling regime of the 2d Yang-Mills theory is E ≪
. L is related to the VEV v of the scalar in the 6d tensor multiplet by L ∼ vℓ 3 P . So the low energy limit is E ≪ R v 1/2 ℓ 3 P . In the Coulomb branch with fixed v, this low energy limit of the 2d theory is obtained by taking the M-theory limit R → ∞. Thus our 2d gauge theory describes E-strings at its strong coupling fixed point.
Let us comment on the enhanced IR symmetries. We first consider the SO(3) × U(1) acting on R 3 × S 1 . In the M-theory limit, this enhances to
is identified as the diagonally locked combination of SU(2) r and SU(2) l . On the other hand, from the viewpoint of 6d superconformal symmetry, SU(2) r is the R-symmetry of the 6d (1, 0) SCFT and SU(2) l is a flavor symmetry. So it might appear that our 2d gauge theory is probing only a combination of the R-symmetry and a flavor symmetry. However, in the rank 1 system with only one M5-brane, the extra flavor SU(2) l completely decouples with the 6d CFT. For instance, these can be seen by studying the instanton partition functions of circle reduced 5d SYM [34] , which will also be the subject of our section 4. Thus we can identify SO(3) visible in our UV theory as the superconformal R-symmetry of the 6d CFT. It will be interesting to see how to generalize the brane constructions for E-strings in the higher rank 6d CFT.
We also discuss the E 8 global symmetry. The UV theory exhibits SO(16) symmetry only. This should enhance to E 8 in the IR, which is naturally expected from the brane perspective. Namely, the type IIA brane system is obtained by compactifying M-theory brane system with an E 8 Wilson line which breaks E 8 to SO (16) . The IR limit on the 2d gauge theory is the strong coupling limit, which is the decompactification limit of the M-theory circle. So in this limit, the information on the Wilson line will be invisible, making us to expect an IR E 8 enhancement.
In section 3, we shall compute the elliptic genera of these gauge theories at various values of n, which will be invariant under the E 8 Weyl symmetry and support the E 8 enhancement. We study the field contents of the 2d N = (0, 4) gauge theory. This is obtained by starting from the 3d field theory living on D2-branes, together with the boundary degrees at x 2 = 0, L, and then taking a 2d limit when E ≪ L −1 . The 3d fields living in the region 0 < x 2 < L are D2-D2 : A µ (µ = 0, 1, 2) ; X I ∼ ϕ αβ (I = 3, 4, 5, 6) ;
The D2-D2 fields are in adjoint representation of U(n). One also finds boundary degrees at the brane intersections. At the intersection of D2-D8, open strings provide 2d (0, 8) Fermi multiplet fields which we write as Ψ l (l = 1, · · · , 16). They will be in the bi-fundamental representation of O(n) × SO(16) (after introducing the orientifold boundary condition on D2-D8). Ψ l are Majorana-Weyl spinors.
Let us consider the boundary conditions of the 3d fields. At the two ends x 2 = 0, L, we shall find separate boundary conditions. As our goal is to obtain the 2d theory, we shall only keep the zero modes of the 3d fields along the x 2 direction. This means that we shall keep the bosonic fields satisfying the Neumann boundary conditions on both ends, and the fermionic fields which survive suitable projection conditions at both ends. The SUSY conditions for the D2-D2 fields at x 2 = 0, L take the form of
in the 10d notation with M, N = 0, · · · , 9. ǫ is chosen to be (4, 4) on D2-NS5 (x 2 = L), and (0, 8) on D2-D8 (x 2 = 0). One can follow the strategy of [35] to obtain the SUSY boundary conditions.
With given SUSY ǫ, one first imposes suitable bosonic boundary condition, depending on which brane D2's are ending on. Then the condition (2.8) would determine the boundary condition for the fermions λ.
We study the D2-NS5 boundary condition first. Choosing the supercharge Q to be in (2, 1, 2) +− ⊕ (1, 2, 2) −+ ,ǭ = ǫ † Γ 0 should be chosen to have nonzero overlap with it. The D2-D2 fermion λ has a definite Γ 012 eigenvalue (same as that of the supercharges), so is in
We start from the boundary conditions for the bosonic fields that we know for D2-NS5:
with µ = 0, 1, I = 3, 4, 5, 6, I ′ = 7, 8, 9. This provides the following constraints on λ:
This requires λ to be in Now we consider the D2-D8-O8 boundary conditions. The effect of having 8 D8-branes is simply adding (0, 8) Fermi multiplet fields as explained above. So we focus on the effect of the O8-plane. Following [35] , we consider the covering space of x 2 > 0 and consider the 3d SYM on R 2,1 . The reflection x 2 → −x 2 of space is accompanied by an outer automorphism τ acting
, where τ acts on g (±) as ±1. In our case, g (+) is the algebra of O(n) ⊂ U(n), and g (−) forms a rank 2 symmetric representation of O(n). So any adjoint-valued field Φ can be written as Φ = Φ (+) + Φ (−) . The reflection is further accompanied by X I → −X I for I = 3, · · · , 9. The fields are required to be invariant under the net reflection:
where Φ τ = τ Φτ −1 , µ = 0, 1 and I = 3, · · · , 9. So at the fixed plane x 2 = 0, the boundary condition is given by
We can again find the fermionic boundary conditions from (2.8). This requires
with µ = 0, 1 and I, J = 3, · · · , 9. ǫ is chosen so thatǭ has nonzero overlap with the (0, 8) SUSY (2.6), given by (2, 1, 2) −+ ⊕ (1, 2, 2) −+ . Solving these constraints, the O(n) adjoint fermion λ (+) and the O(n) symmetric fermion λ (−) are required to be in
We combine the D2-NS5 and D2-O8 boundary conditions to read off the 2d field contents. For bosons, requiring (2.10) and (2.14) yields the following 2d degrees:
µ2 is not required to be zero in the above consideration, one can make an So to summarize, one obtains the following 2d N = (0, 4) field contents:
(2.18) Fig. 2 shows the quiver diagram of this gauge theory. One can check the SO(n) gauge anomaly cancelation of this chiral matter content. Note that we have no twisted hypermultiplets, whose scalars form doublets of SU(2) I and fermions form doublets of SU(2) R .
We also explain how to get the full Lagrangian of this system. Viewing this as a special case of N = (0, 2) supersymmetric system, it suffices to determine the two holomorphic functions E Ψ (Φ i ), J Ψ (Φ i ) for each Fermi multiplet Ψ, depending on the (0, 2) chiral multiplet fields Φ i .
We choose Q ≡ Q˙1 1 and Q † as the (0, 2) subset, for further explanations. To have (0, 4) SUSY, [36] as 19) where ϕ ≡ ϕ 11 ,φ ≡ ϕ 21 are (0, 2) chiral multiplet scalars which transform under Q ≡ Q˙1 1 . Note that, if the (0, 4) theory has both hypermultiplets and twisted hypermultiplets, the full interaction has to be more complicated [36] . Without twisted hypermultiplets in our system, (2.19) provides the full interactions associated with Θ. This induces a bosonic potential of the form |J Θ | 2 , as well as the Yukawa interaction. Extra Fermi multiplets in the (0, 2) viewpoint are Ψ l from D2-D8-O8 modes, so we should also determine their E, J. E Ψ l , J Ψ l are simply zero, from SO(16) symmetry. With all the E, J functions determined, the supersymmetric action can be written down if E a J a = 0, where the index a runs over all (0, 2) Fermi multiplets. This condition is clearly met. With these data, the full action can be written down in a standard manner: see, for instance, [37, 36] . In our case, the bosonic potential consists of |J Θ | 2 and the usual D-term potential, making the D-term potential from the 'SU(2) R triplet' of D-terms. The classical Higgs branch moduli space, given by nonzero ϕ,φ, is real 4n dimensional. Semiclassically, these are the positions of n E-strings.
One can also compute the central charges of the IR CFT from our UV gauge theory. Our gauge theory in principle could flow to more than one decoupled CFTs in IR, which will be explained shortly. Once we know the correct superconformal R-symmetry of the IR SCFT, the (right-moving) central charge of the IR CFT can be computed in UV by the anomaly of the superconformal R-symmetry. We closely follow [38, 37, 36] , which use the (0, 2) superconformal R-symmetry to determine the central charges.
In our (0, 4) system, at least there will be one CFT in IR, which admits a semi-classical description when ϕ αβ scalars are large. This is the CFT associated with the classical Higgs branch [39] . In this CFT, the superconformal R-symmetry can only come from SU(2) I in the UV theory. This is because the right sector contains the O(n) symmetric scalar ϕ αβ , and the superconformal R-symmetry should not act on it [39] . Following [36] , let us choose the supercharge Q ≡ Q˙1 2 and use the (0, 2) superconformal symmetry to determine the central charge. The right-moving central charge c R is given by 20) with γ 3 = ±1 for the right/left moving fermions, respectively, and the trace acquires an extra 1 2 factor for real fermions. The (0, 2) R-charge R is normalized so that R[Q] = −1. In the Higgs branch CFT, this should be proportional to the Cartan of SU(2) I , so we set R = 2J I . Collecting the contribution from O(n) symmetric λ αA in the right sector and adjoint λα A in the left sector, one obtains
The left moving central charge c L is determined from c R by the gravitational anomaly [37] :
c L = 12n is consistent with the result obtained in [30] (where c L = 12n − 4 was found after eliminating 4 from the decoupled center-of-mass degrees.) One can semiclassically understand some of these results, by studying the region with large value of the Higgs scalar ϕ αβ . c R = 6n
comes from the n pairs of 4 scalars and 4 fermions for n E-strings. As for c L = 12n, the 4n scalars in the left moving sector accounts for 4n, and the 16n real fermions Ψ l accounts for 8n.
For n = 1, we know that the last 8 is given by the G = E 8 current algebra at level k = 1 (with dual Coxeter number c 2 = 30) [13, 19] , whose central charge is indeed
One may also try to explore if the UV theory could flow to more than one decoupled conformal field theories in the IR. For instance, it happens in the N = (4, 4) SCFT with both Higgs and Coulomb branches [39] . Another type of example is a recently analyzed (0, 4) gauge theory for the D1-D5-D5' system [36] . This theory was proposed to have a 'localized CFT' whose ground state wavefunction is localized at the intersection of the two Higgs branches, which was suggested to be the holographic dual of type IIB strings on
Morally, the last localized CFT should be coming from the D1-branes forming threshold bounds with D5 and D5' branes. As our system will also exhibit threshold bounds of E-strings, it would be interesting to know if similar decoupled 'localized CFTs' exist like those of [36] , other than the 'Higgs branch CFT' that we explained in the previous paragraph. If there exist localized CFTs with all E-strings fully bound, they will not have a regime which allows a semi-classical description (large ϕ αβ ). So the argument of [39] does not apply, and both SU(2) R and SU(2) I can participate in the superconformal R-symmetry [36] . Following [36] , we first determine the correct superconformal R-symmetry in this case (if it exists), again within the context of (0, 2) superconformal symmetry as in the previous paragraph. We take the two Cartans J R , J I of SU(2) R , SU(2) I , and consider their linear combination R = −aJ R + bJ I which we take as a trial
The superconformal R-symmetry should have no mixed anomaly with flavor charges, i.e. all global symmetries commuting with Q, Q † [38] . In our case, one only needs to consider the mixing with V ≡ J R + J I , chosen in
By demanding Tr(γ 3 V R) = 0, one finds na + 2b = 0. While computing this, one should exclude the decoupled center-of-mass modes for the n E-strings, provided by tr(ϕ αβ ). These decoupled modes always live in a 'Higgs branch' in which the R-symmetry is SU(2) I . So if there is no accidental IR symmetry, the R-symmetry is given by
Note that these equations do not have solutions if n = 2, for two E-strings. This could be implying the absence of the localized CFT, decoupled to the Higgs branch CFT. In other cases, one finds a = −
. The right central charge is again given by (2.20) with the new R, again without including the contributions from the center-of-mass modes. It is given by c R =
. The left central charge is given by c L = c R + 6n. As emphasized, this result could be meaningful only at n = 2. When n = 1, one finds c R = 0, which is consistent with the absence of the extra localized CFT for single E-string. For n ≥ 3, it will be interesting to know whether such CFTs actually exist (when consistent with the c-theorem).
For n = 2, unless there are accidental IR symmetries, our study implies that there are no more decoupled CFTs. If this is true, one should be able to understand the elliptic genus of the 2 E-strings solely from the Higgs branch CFT. In the regime with large ϕ αβ , one can employ a semi-classical approximation to study the Higgs branch CFT. This requires us to study a free QFT, with 4n = 8 bosonic fields given by eigenvalues ϕ αβ i and 16n = 32 fermions Ψ il (i = 1, 2). The spectrum of this QFT is subject to a gauge singlet condition for a discrete D 4 subgroup of O(2) gauge symmetry, surviving in the Higgs branch. The two generators of D 4 are given by
which satisfy x 4 = 1, y 2 = 1, yxy −1 = x 3 and define D 4 . One can show that the index for the gauge invariant states, after adding twisted sectors, is simply given by the Hecke transformation of the single E-string index. This does not agree with the correct two E-string index [7] , which we shall compute in section 3.2. This implies that the Higgs branch CFT for two E-strings should be more nontrivial than what we see in the semi-classical regime. It will be interesting to understand this Higgs branch CFT better.
E-string elliptic genera from 2d gauge theories
We consider the elliptic genus of the 2d (0, 4) O(n) gauge theory, constructed in the previous section. We pick a (0, 2) SUSY and define the elliptic genus as follows: (2) R which rotate the 34 and 56 orthogonal 2-planes, and J I is the Cartan of SU (2) 789 . F l are the Cartans of SO (16), which we expect to be the Cartans of enhanced
and the remaining factors inside the trace commute with Q, Q † . Note also that, the 2d gauge theory itself has a noncompact Higgs branch spanned by ϕ αβ . They are given nonzero masses by turning on ǫ 1 , ǫ 2 , so that the path integral for this index does not have any noncompact zero modes. The interpretation of the zero modes from ϕ αβ at ǫ 1 , ǫ 2 = 0 is clearly the multi-particle positions, so by keeping nonzero ǫ 1,2 we are computing the multi-particle index, as usual. The single particle spectrum can be extracted from the multi-particle index.
The general form of the index (3.1) for N = (0, 2) gauge theories was studied in [23, 24] , by computing the path integral of the gauge theory on T 2 . There appear compact zero modes from the path integral, coming from the flat connections on T 2 . [23, 24] first fix the flat connections, integrate over the nonzero modes, and then integrate over the flat connections to obtain their final expression for the index.
Let us first explain the possible flat connections of our O(n) gauge theories on T 2 . These are given by two commuting O(n) group elements U 1 , U 2 , the Wilson lines along the temporal and spatial circles of T 2 . Note that O(n) is a disconnected group so that U 1 and U 2 can each have two disconnected sectors, depending on whether their determinants are 1 or −1. The general O(n) holonomies on T 2 , up to conjugation, can be derived using a D-brane picture [40] . The O(n) flat connections are the zero energy configurations of the n D2-branes and an O2-plane wrapping T 2 . By T-dualizing twice along the torus, one obtains n D0-branes moving along the covering space T 2 of T 2 /Z 2 orientifold. The flat connections T-dualize to the positions of D0-branes on T 2 /Z 2 . There are four O0-plane fixed points on the covering space T 2 . It suffices for us to classify all possible positions of D0-branes. When two D0-branes on the covering space are paired as Z 2 images of each other, they have one complex parameter u as their position. Some D0-branes can also be stuck at the Z 2 fixed points without a pair: they are fractional branes on T 2 /Z 2 , whose positions are freezed at the fixed points. So the classification of O(n)
flat connections reduces to classifying the possible fractional brane configurations.
When n = 2p is even, one can first have all 2p D0-branes to make p pairs. In this branch, one finds p complex moduli u i (i = 1, · · · , p). Another possibility is to form p − 1 pairs to freely move, while having 2 fractional D-branes stuck at two of the 4 fixed points. Note that the two fractional branes have to be stuck at different fixed points: otherwise they can pair and leave the fixed point, being a special case of the first branch. There are 6 ways of choosing 2 fixed points among 4, so we obtain 6 more sectors. Finally, one finds a sector in which p − 2 pairs freely move, while 4 fractional D-branes are stuck at 4 different fixed points (when p ≥ 2). After T-dualizing, U 1 , U 2 are exponentials of the D0-brane positions. The above 8 sectors are summarized by the following pairs of Wilson lines U 1 , U 2 , for O(2p) with p ≥ 2:
(ee), (eo), (oe), (oo) are for U 1 , U 2 in the even or odd elements of O(n). The symbol 'diag' denotes a block-diagonalized matrix. The subscripts are the number of independent complex parameters. The parameters live on
where τ is related to our fugacity q by q = e 2πiτ . For odd n = 2p + 1 with n ≥ 3, one can make a similar analysis. There are 4 cases in which one has 1 fractional brane stuck at one of the 4 fixed points, and 4 more cases (when p ≥ 1) in which 3 fractional branes are stuck at three of the 4 fixed points. So one obtains the following 8 sectors, for p ≥ 1:
There are two exceptional cases. For O(1), the four sectors in (3.3) with rank p − 1 are absent. So we only have four rank 0 sectors
For O(2), the second sector in (3.2) with rank p − 2 is absent. So we have seven sectors
The Wilson lines can be more conveniently labeled by their exponents, which we call u = (u 1 , · · · , u n ) for O(n). In the 2×2 blocks e iu 1i σ 2 , e iu 2i σ 2 with continuous elements, the associated two u parameters are given by the two eigenvalues ±(u 1i + τ u 2i ). In the blocks with discrete numbers, we assign u i = 0 for each eigenvalue (1, 1) of the Wilson line
for (1, −1), and u i = 1+τ 2
for (−1, −1). For the above 8 sectors, one thus obtains
for O(2p), and
for O(2p + 1). These u couple minimally to the matters in the fundamental representation. The parameters coupling to fields in a different representation of SO(n) are given by ρ(u), where ρ runs over the weights of the representation.
With the Wilson line backgrounds identified, we study the subgroup of O(n) gauge symmetry which acts within the U 1 , U 2 specified above. This is the 'Weyl group,' defined in each disconnected sector of (U 1 , U 2 ). When U 1 , U 2 are given by r 2 × 2 blocks and an s × s diagonal matrix with ±1 eigenvalues (with 2r + s = n and s ≤ 4), the Weyl group is given by
The former part has order 2 r r!, and the latter has order 2 s coming from diag s×s (±1, ±1, · · · , ±1).
So the order of the Weyl group W (O(n)) s , with given U 1 , U 2 , is given by
where the subscript denotes the value of s for U 1 , U 2 .
In the above background, the Gaussian path integral of non-zero modes yields Z 1-loop , which is the product of the following 1-loop determinants for various supermultiplets [24] :
iη(q) (3.10)
Whenever we omit the modular parameters of the theta functions, it is understood as τ . The 'rank' r is the number of continuous complex parameters in U 1 , U 2 . α runs over the roots of SO(n). Multiplying all these factors, one finally has to integrate over the continuous parameters in u and then sum over distinct sectors of flat connections. The result is
a labels the disconnected sectors of the flat connection U 1 , U 2 . The integral is a suitable 'contour integral' over the continuous parameters u, to be explained shortly. W a is the Weyl group with given U 1 , U 2 explained above.
Before proceeding, let us comment on the periodicity of (3.10) in u. Each u i (for i = 1, · · · , p) lives on T 2 /Z 2 , due to large gauge transformations on T 2 , so is a periodic variable
is only a quasi-periodic function, 12) each measure in (3.10) is not invariant under these shifts. The failure of periodicity is related to the gauge anomaly of the chiral theory. The extra factors spoiling the periodicity cancel in the combination (3.11), due to the anomaly cancelation of our gauge theory.
Another subtlety is the determinant of the real scalars and Majorana fermions. Each real scalar or fermion contributes to a square-root of θ 1 factor. Equivalently, each charge conjugate pair of fermion modes contributes a factor of
, while such a pair of bosons contributes
in (3.10). In particular, on these modes, the discrete shifts on the holonomy (3.6), (3.7) given
has to be understood with some care. When such a shift is made in the argument of θ 1 coming from a pair of real fields, one should understand it as "
Having this in mind, and applying
) by θ 2 (z), θ 3 (z), θ 4 (z), respectively, apart from the extra factors appearing in (3.13) . These extra factors in (3.11) again cancel to 1. So the theta function θ 1 with half-period shifts can be replaced by θ 2 , θ 3 , θ 4 . Now we finally explain the meaning of the 'contour integral' in (3.11), following [23, 24] . The 'contour integral' is defined by providing a prescription for the residue sum which replaces the integral, whenever one encounters a pole on the parameter space of (U 1 , U 2 ). The prescription is derived in [24] 
Before explaining the Jeffrey-Kirwan residues (or JK-Res) of our integrand at u = u * , let us first note that the results of [24] apply when the pole at u * is 'projective.' The pole is called projective when all the weight vectors ρ i associated with the hyperplanes meeting at u = u * are contained in a half space. Namely, the projective condition requires that there is a vector v in the Cartan h so that ρ i (v) > 0. Note that all non-degenerate poles are projective. In our problem, even for degenerate poles, one can generally show that all poles should be projective, thus allowing us to use the results of [24] . To see this, first note that 14) for suitable integers m i , n i . In our problem, since ρ i is chosen among the weight system of the O(n) symmetric representation, it is either ±2e I or ±e I ± e J with I, J = 1, · · · , n 2
. Thus, we can take all m i , n i to be either 0 or 1 to find all possible solutions for u * , mod Z + τ Z. Also, z i is either ǫ 1 or ǫ 2 for all i's. Then, taking a solution u * (ǫ 1 , ǫ 2 ) which depends on ǫ 1,2 , one deforms the solution to the regime in which ǫ 1 , ǫ 2 are real and negative, taken to be −ǫ 1,2 ≫ 1 and −ǫ 1,2 ≫ Re(τ ). Then one finds that ρ i · Re(u * ) > 0, fulfilling the projective condition. In fact, one can always provide this kind of argument on the projective nature of poles when the system has independent flavor symmetry for each matter supermultiplet. The N = (2, 2) or (0, 2) models may exhibit non-projective poles if there are nonzero superpotentials so that flavor symmetries are restricted. In N = (0, 4) models, independent flavor symmetry can be found for each hypermultiplet. This is why it is easier to apply the results of [24] to (0, 4) theories. For instance, the quantum mechanical version of this index formula is well applicable to the ADHM instanton quantum mechanics [34] , as these systems always have (0, 4) SUSY.
(The results of [34] will be used in our section 4.) [24] finds that the integral in (3.11) is given by
where u * runs over all the poles in the integrand. The JK-Res appearing in this expression is defined as follows. JK-Res is a linear functional which refers to an auxiliary vector η in the charge space, and also to the set of charge vectors Q * = (Q 1 , · · · , Q d ) for the hyperplanes crossing u * . The defining property of JK-Res u * (Q * , η) is
(3.17) To make the condition η ∈ Cone(Q j 1 , · · · , Q jr ) unambiguous, one has to put η at a sufficiently generic point, as explained in [24] . These rules are giving a definite residue when the integrand takes the form of a 'simple pole.' Although this definition apparently overdetermines JK-Res due to many relations among the forms
, it turns out to be consistent (see [24] and references therein). As one expands the integrand Z
1-loop around u = u * , one will encounter not just simple poles, but also multiple poles and less singular homogeneous expressions in u − u * , multiplied by du 1 ∧ · · · ∧ du r . The JK-Res of the last two classes of monomials are all (naturally) zero: this is also consistent with the alternative 'constructive definition,' which expresses JK-Res as an iterated integral over a cycle. Using this definition to compute the integral is especially simple for non-degenerate poles, in which case one can directly read off a unique integral of the form (3.17) at a given u = u * . The case with degenerate poles require some more work, but of course coming with a clear rule. The final result (3.15) is independent of the choice of η [24] .
In the remaining part of this section, we first analyze the elliptic genera for n = 1, 2, 3, 4 E-strings in great detail. In section 3.5, we then illustrate the structure of the higher E-string indices. In particular, degenerate poles start to appear from n ≥ 6. The residue evaluations are almost as simple as the non-degenerate poles for n = 6, 7, all coming from simple poles. Their residues are simply given by combinations of theta functions. For n ≥ 8, we explain that there start to appear degenerate poles which are also multiple poles. Their residues are given by theta functions and their derivatives in the elliptic parameters. 1) , respectively. Combining all four contributions, and dividing by the Weyl group order |W | = 2 in each sector, the full index is given by 19) where the E 8 theta function Θ is given by
One E-string
Physically,
simply imposes the O(1) = Z 2 singlet condition, while the remainder
is the contribution from the twisted sector.
In [19] , the above result was derived using topological strings and was explained using an effective free string theory calculus, in which the left moving sector consists of the E 8 current algebra at level 1 and the right moving sector consists of a (0, 4) supersymmetric string with target space R 4 . The four terms of Θ(τ, m i ) can be understood as coming from the Ramond and Neveu-Schwarz sectors of the left-moving fermions, and then truncating the Hilbert space by a GSO projection. In our UV gauge theory calculus, the twisting and GSO projection is a consequence of the O(1) gauge symmetry.
Since Θ(q, m l ) is given by the summation over the E 8 root lattice, Z 1 has a manifest E 8 symmetry, and is expanded as the sum of E 8 characters. This supports the IR enhancement SO(16) → E 8 of global symmetry in our gauge theory.
Two E-strings
Now we consider the O(2) theory. There are 7 sectors of O(2) Wilson lines given by (3.5). One in the (ee) sector has a complex modulus, while the other six are all discrete. We name the sectors as follows, where (a + , a − ) are the two eigenvalues of u in the discrete sectors which act on the fundamental representation [23] :
) .
All eigenvalues a + , a − are defined mod Z + τ Z. a v = a + + a − is the eigenvalue acting on the O(2) adjoint (antisymmetric) representation. The discrete holonomy eigenvalues acting on the O(2) symmetric representation are a v = a + + a − , 2a + , 2a − . The contributions Z 2(a) (with a = 0, · · · , 6) are given by
where we defined ǫ + = ǫ 1 +ǫ 2 2
. As explained after (3.11), θ 1 (z + a v ) factors should be understood as θ i , with i = 1, 2, 3, 4 for a v = 0, , respectively.
The contour integral in Z 2(0) can be done by taking residues from poles with positive SO(2) electric charge only: this is the simple rule for the rank 1 theory obtained by taking η = 1 [23] . The relevant poles are at θ 1 (ǫ 1 + 2u) = 0 and θ 1 (ǫ 2 + 2u) = 0. Using
one should pick the residues at u = −
. The residue sum is
Expressions with ± signs mean θ i (x ± y) ≡ θ i (x + y)θ i (x − y). The contributions from the other six sectors are
,
. (3.24)
The two E-string index is given by 25) by dividing the order of the 'Weyl group,' as defined around (3.9).
Recently, [7] obtained the 2 E-string elliptic genus. This was done by constraining its form with its modularity, the 'domain wall' ansatz of [5] , and a few low orders in the genus expansion known from the topological string calculus. The result of [7] is given by
where E 4 (τ ), E 6 (τ ) are the Eisenstein series, summarized in appendix A, 27) and A 1 (m l ), A 2 (m l ), B 2 (m l ) are three of the nine Jacobi forms which are invariant under the Weyl group of E 8 . See, for instance, the appendix of [29] for the full list. A 1 is simply the E 8 theta function A 1 = Θ(m l , τ ), and ) .
We made a full analytic proof, at ǫ 1 = −ǫ 2 for simplicity (but keeping all E 8 masses and
), that (3.25) and (3.26) agree with each other. See appendix C for our proof. On one side, this agreement shows that the 'domain wall ansatz' of [7] is at work. On the other hand, it also shows that our gauge theory index exhibits the Weyl symmetry of E 8 , which is manifest in (3.26) . So this supports the IR E 8 symmetry enhancement of our gauge theory.
Three E-strings
There are eight sectors of O(3) holonomies on T 2 , which we label as follows:
The indices in various sectors are given as follows. Firstly, 
from the (eo) sectors with (a 1 , a 2 , a 3 ) = ( , 0),
from the (oe) sectors with (a 1 , a 2 , a 3 ) = (
, 0), and
from the (oo) sectors with (a 1 , a 2 , a 3 ) = (0,
). The contour integrals in Z 3(i) acquire residue contributions from poles u * = −
and u * = −ǫ 1,2 + · · · , where · · · part is decided by θ i (u + ǫ 1,2 ) = 0. The residue sums are given by
where the permutations are defined by The full index is given by 39) after dividing by the Weyl factors (3.9).
For simplicity, we study the indices at m l = 0, ǫ 1 = −ǫ 2 ≡ ǫ in more detail, which are
and
We consider the genus expansion of Z 3 , where genus is defined for the topological string amplitudes on the CY 3 which engineers our 6d CFT in the F-theory context. Namely, we expand
Taking ǫ + = 0, some known results on F (0,g,3) are summarized in (B.1), which were computed in [41] are all zero due to a vanishing theorem.)
We also analytically checked the agreements for F (0,0,3) , F (0,1,3) , and a refined amplitude 0,3) , against the results known from the topological string calculus. See appendix C for the details.
Four E-strings
The indices from the two sectors in the (ee) part of O(4) holonomy are
where Z 4(1) ′ is obtained with discrete holonomy (a 1 , a 2 , a 3 , a 4 ) = (0,
) for the fundamental representation. We used a shorthand notation θ i (ǫ 1,2 ) ≡ θ i (ǫ 1 )θ i (ǫ 2 ). The indices from the two sectors in the (oe) part are
where the holonomy (a 1 , a 2 , a 3 , a 4 ) = (u, −u, 0, ) and (u, −u,
) are used for Z 4(2) and Z 4(2) ′ , respectively. The indices from the two sectors in the (oo) part are
) are used for Z 4(3) and Z 4(3) ′ , respectively. Finally, the indices from the two sectors in the (eo) part are
) are used for Z 4(4) and Z 4(4) ′ , respectively.
We also need to specify the residues which contribute to the above contour integrals. For the rank 1 cases, one just keeps all poles and residues associated with positively charged chiral fields. So for Z 4(i) with i = 2, 3, 4, the relevant poles are at u * = − , again with p running over (p 1 , p 2 , p 3 , p 4 ) = (0, 1, 1 + τ, τ ), and at u * = −ǫ 1,2 + p j with two possible values of j = 1, i. The resulting residue sums are given by
where σ i are defined as (3.38). The expressions for Z 4(i) and Z 4(i) ′ with i = 3, 4 are obtained by permuting the roles of the subscripts 2, 3, 4 of the theta functions and σ i .
The rank 2 contour integral in Z 4(1) can be done as follows. The charges of the (0, 2) chiral multiplets, responsible for the poles in the integrand, are ±2e I , ±e I ± e J (I = J) with I, J = 1, 2. We choose the vector η to be in the cone between e 1 + e 2 and 2e 2 . Then, the poles with nonzero Jeffrey-Kirwan residues (after eliminating the fake poles due to vanishing numerators from Fermi multiplets) are at the following 104 positions:
We defined (p 1 , p 2 , p 3 , p 4 ) = (0, 1, 1 + τ, τ ). ǫ can be either ǫ 1 or ǫ 2 , and ǫ ′ = ǫ is the remaining parameter. In the second case, the four cases with p i = p j do not provide poles since there are vanishing factors in the numerator. One can check that these poles are all non-degenerate.
The residue sums from these 8 cases are given by (the sectors labeled by (4), (7), (8) yield same result, shown on the second line) (1) :
:
and (2) :
: (1) is given by the sum of eight contributions (1), · · · , (8) . The full index is given by
with the Weyl factors given by (3.9).
We test our results against various known ones. We first consider the case in which one sets
This case was considered recently in [33] . In particular, [33] wrote down the concrete forms of the elliptic genera in this limit for 2 and 4 E-strings. The case with 2 E-strings is a special case of [7] , so also agrees with our results. The index of [33] at (3.58) is always zero for odd number of E-strings. By plugging in (3.58) to our 3 E-string indices in the previous subsection, all Z 3(i) , Z 3(i) ′ are identically zero, agreeing with the results of [33] . Now let us study our 4 E-string index. Plugging in (3.58), one finds that the contributions from the seven sectors are zero, and the only nonzero contribution is Z 4(1) . The surviving contributions are
while (5), (6) become zero. So one obtains
The four E-string index at (3.58) is given in [33] by
where ℘(τ, ǫ) is the Weierstrass's elliptic function. We checked that this agrees with our index 1 8 Z 4(1) in a serious expansion in q for the first 11 terms, up to and including O(q 10 ).
We also compare our result with the genus expansion, at m l = 0 and ǫ 1 = −ǫ 2 = ǫ. Our indices become
with Z 4(1) ′ = 0, Z 4(2) = Z 4(3) = Z 4(4) = 0, and Z 4(3) ′ , Z 4(4) ′ are obtained from Z 4(2) ′ by changing the roles of 2, 3, 4 appearing in the subscripts of the theta functions and σ 2 (i), σ 3 (i), σ 4 (i). We first confirmed numerically the agreement with F (0,g,4) computed from topological strings for g ≤ 5 till q 5 , by checking the first 10 terms in the serious expansion in q. We also exactly checked the agreements of ,4) . See appendix C for the details.
Higher E-strings
The computation of the elliptic genus using the methods of [24] quickly becomes complicated for higher rank gauge groups. In general, there could be a fundamental complication due to some poles failing to be projective. But we showed at the beginning of this section that this does not happen in our cases. With higher rank, the computational problem is that there is a large number of poles and residues to be considered. For U(n) indices, the possible poles are often completely classified by the so-called 'colored Young diagrams,' with a U(n) adjoint and several fundamental (0, 4) hypermultiplets. This classification first appeared in the context of instanton counting [42, 43] , which was reproduced recently in the context of Jeffrey-Kirwan residues [34] . The resulting residues are often nicely arranged into a reasonably compact form [44, 45] . However, for other gauge groups, we are not aware of systematic classifications of poles. 2 In this subsection, we shall illustrate the pole structures for some higher E-strings, with
, O(8) gauge groups, and also make some qualitative classifications of these poles. Since the purpose is to illustrate the computations for higher ranks, we only consider the branch of O(n) holonomy with maximal number of continuous parameters, in the (ee) sector.
We start by studying the O(5) index, for five E-strings. Taking η = e 1 + εe 2 with 0 < ε ≪ 1, 2 The pole structure of our O(n) index is similar to that of the Sp(N ) instanton partition function, whose ADHM quantum mechanics comes with O(n) group for n instantons. The poles in our E-string index could be slightly simpler, because we only have O(n) symmetric hypermultiplets while the ADHM mechanics also has extra N fundamental hypermultiplets. In either case, we do not know the pole classification, apart from the basic rule given by the Jeffrey-Kirwan residues.
the following pair of weights {ρ 1 , ρ 2 } can potentially give nonzero JK-Res: These poles define the pole u * by hyperplanes ρ i (u * ) + z i = 0 for suitable z i , chosen between ǫ 1 , ǫ 2 . Considering all possible values of u * , we find 142 poles, which are all non-degenerate.
The evaluation of residue sum should be marginally more laborious than the O(4) case.
Next, we consider the O(6) contour integral. The poles come from the scalar fields with charges ±2e I , ±e I ± e J . We choose η to be η = e 1 + εe 2 + ε 2 e 3 with 0 < ε ≪ 1. The groups of {e 1 − e 3 , e 2 + e 3 , e 3 − e 2 } . (3.64)
With these chosen {ρ 1 , ρ 2 , ρ 3 }, the hyperplanes ρ i (u * ) + z i = 0 with i = 1, 2, 3 meet at a point u * with suitable choices of z i , which are either ǫ 1 or ǫ 2 . There may exist more than the chosen three hyperplanes which meet at the same point u * , in which case we have degenerate poles. Also, at some u * there could be some vanishing theta functions in the numerator. Let us call the number of vanishing theta functions from the numerator and denominator as N n (u * ) and N d (u * ), respectively. When N d − N u < r = 3, then the corresponding u * is not a pole due to too many vanishing terms in the numerator. The list below covers all the poles which have nonzero JK-Res, also provided with some illustrations on how to evaluate the residues:
1. When N d = 3, N n = 0, this is a non-degenerate and simple pole. We find 1680 poles in this class. Near u = u * , the integrand relevant for evaluating the residue approximately takes the form of 1
where F (u) denotes the rest of the integrand, with F (u * ) = 0. The integral of the first factor of (3.65) can be immediately obtained from the basic definition (3.17).
2. There could be degenerate poles with N d = N n + r, N n = 0. The leading divergences of the integrands are simple poles in this case, since N d − N n = r. Near the pole, the integrand relevant for computing the residue approximately takes the form of
where F (u) is the rest of the integrand. The basic rule (3.17) has to be applied to the first factor of (3.66) after decomposing it into a linear combination of the expressions appearing in (3.17) . In the O(6) case with r = 3, we find two subclasses. Firstly, we find 104 poles with N d = 4, N n = 1. For all the poles in this class, we find
thus all with nonzero residues. We illustrate how this is evaluated with an example among the 104 poles, defined with {ρ 1 , ρ 2 , ρ 3 , ρ 4 } = {e 1 − e 2 , e 1 + e 2 , e 1 + e 3 , −e 2 − e 3 , −2e 2 }:
68) whereũ = u − u * . Moreover, we find 72 poles with N d = 5, N n = 2, in which case we find either Thus we find 40 more poles. There are no more poles in this class with larger N d , N n .
3. In general, there could be degenerate poles with N d > N n + r. The integrand contains 'multiple poles' in this case. The integrand takes the form of
where F (u) is a combination of θ 1 functions which are nonzero at u * . Since the first factor contains multiple poles, one would have to expand both first and second factors to certain orders near u = u * , until one obtains a linear combination of the functions appearing in (3.17) . The residue will thus be expressed by θ 1 functions and their suitable derivatives at u * . This class of poles do not show up in the O(6) case. (They will first appear in the O(8) index, explained below.)
With the above 1680 + 104 + 40 = 1824 poles and the computational rules stated in the list, clearly the O(6) elliptic genus can be computed straightforwardly, although the resulting expression will be very long.
Let us explain the pole/residue structures of O(7) index, with rank r = 3. The poles are again classified into the above three classes. To be definite, we chose η = e 1 + εe 2 + ε 2 e 3 . We simply list the number poles in each class. 
E-strings from Yang-Mills instantons
In this section, we explain how one can alternatively compute the E-string elliptic genus from the instanton partition function of a suitable 5 dimensional super-Yang-Mills theory with Sp (1) gauge group. The basic idea is that suitable circle reductions of 6d SCFTs sometimes admit 5d SYM descriptions at low energy. The latter SYM, despite being non-renormalizable, remembers the 6d KK degrees in its solitonic sector as the instanton solitons [46, 47] . The self-dual strings wrapping the circle become the W-bosons, quarks or their superpartner particles in 5d. So the Witten index for the threshold bounds of these particles with instantons in the Coulomb branch [42, 43] will carry information on the elliptic genera of wrapped self-dual strings. This idea has been used to study the elliptic genus of M-strings in the 6d (2, 0) SCFT in [8, 5] . In this section, we make a similar study for the E-strings. Since the circle reduction of the E 8 (1, 0) SCFT is much subtler than that of the (2, 0) theory, let us set up the problem first.
We start by considering the type IIA system consisting of 8 D8-branes and an O8-plane (or 16 D8-branes in the covering space), making a type I' string background. The D8-branes are at the tip of the half-line R + , formed by an O8. The worldvolume of the 8-branes hosts SO (16) gauge symmetry. Since the net 8-brane charges cancel, the asymptotic value of the dilaton on R + is a nonzero constant. So this system admits an M-theory uplift at strong coupling, on for SO(16) spinors. The holonomy with (4.1) acts on 128 as −1, and on 120 as +1. So E 8 symmetry breaks down to SO (16) . This is the background which admits the type I' theory description for small R. Now let us consider the D4-D8-O8 system, by adding N D4-branes. This uplifts in M-theory to the M5-M9-branes wrapping the circle, in the above E 8 Wilson line background. On the worldvolume of D4-branes, one obtains an Sp(N) gauge theory with 1 antisymmetric and 8 fundamental hypermultiplets.
3 This 5d gauge theory is a low-energy description of the 6d (1, 0) superconformal field theory compactified on a circle with E 8 Wilson line. Note that, from the worldvolume theory on D4 or M5-branes, SO(16) or E 8 act as global symmetries. So from the 5d/6d field theories, the Wilson line we explained above are nondynamical background fields.
Consider the system consisting of single M5-brane and an M9-plane, compactified on a circle with the above Wilson line. We have an Sp(1) gauge theory description in 5d. Taking into account the effect of the background Wilson line (4.1), we can identify various charges of the 5d SYM theory and the 6d (1, 0) theory on circle as follows:
Here, k is the Yang-Mills instanton charge on D4's (i.e. D0-brane number in the type I' theory), P is the momentum on E-strings along the circle,F is the E 8 Cartan charge in the 6d theory, and F is the SO(16) Cartan charges in the 5d SYM. n is the U(1) ⊂ Sp(1) electric charge in the Coulomb phase, which is identified as the winding number of the E-strings. This formula can be naturally inferred by starting from the charge relations of the fundamental type I' stings on R 8+1 × I and the heterotic strings on R 8+1 × S 1 [50, 51] , where I is a segment, and then putting an M5-brane on I to decompose a heterotic string into two E-strings [7] .
Later in this section, we shall consider an index for the E-strings, with the weight given by
with y i ≡ e 2πim i , where
The right hand side is the natural expression for the E-strings, while the instanton calculus will naturally use the expression on the left hand side. After doing the instanton calculus with the above weight, we shall use the fugacities y Witten index of the ADHM quantum mechanics, one expects
The quantity of our interest is Z QFT . The unwanted factor Z other was identified in [34] . For the purpose of studying the QFT spectrum, we simply divide the ADHM quantum mechanics partition function by Z other identified in [34] , to obtain Z QFT .
We will consider Z QFT of the 5d Sp(1) gauge theory, i.e., the rank 1 6d (1, 0) SCFT compactified on circle with E 8 Wilson line. To see the E-string physics, for instance the E 8 symmetry, one should make a replacement (4.5) in the instanton partition function. The instanton partition function takes the form of series expansion in q, Z(q, w, y) = ∞ k=0 Z k (w, y)q k . So at a given order in the modular parameter q, one captures the spectrum of arbitrary number of E-strings by computing Z k (w, y) exactly in w. This is in contrast to our previous study of the E-string elliptic genus, keeping definite order Z n (q, y) in w which is exact in q. So to confirm that the two approaches yield the same result, we shall make a double expansion of Z(q, w, y) in q, w and compare, taking into account the shifts (4.5). We first take the E-string indices
While making the study of instanton partition function of our Sp(1) gauge theory in [34] , Z k (w, y) was computed up to k = 5. So expandingZ n up to O(q 5 ), and expanding Z QFT computed from the instanton side to O(w n )
for some low n, we shall find perfect agreement of the two results.
Instanton partition function
To take into account the effect of the Wilson line which breaks E 8 down to SO(16), we have to make a shift of the fugacities by (4.5). After inserting y
to the E-string indices of section 3, various E-string indices can be written as
and so on, where Z n(i) 's are all defined and computed in section 3. In all Z n(i) on the right hand side, the arguments are y 8 , not y 
n Z n . Namely, the E 8 mass shift is inducing a different value of 2d theta angle, by changing various signs in (4.8). We computef (w, q, ǫ 1,2 , m i ) defined bỹ 
The boldfaced subscripts are the irreps of SO(16) ⊂ E 8 visible by the 5d Sp(1) gauge theory with 8 fundamental flavors. χ
is the SO(16) character of the representation R. We computed the Z QFT of the 5d SYM, following the procedures outlined above (explained in [34] ), up to five instantons. We further expanded it in the Coulomb VEV parameter to extract the O(w 1 ) order. This completely agrees with (4.10). This again agrees with the result obtained from the instanton calculus of [34] .
We also computedf 3 with all SO(16) ⊂ E 8 masses turned off. It again completely agrees withf 3 computed from 5d instanton calculus, up to q 5 order that we checked. Also, for 3 and 4 E-strings, we have kept all E 8 masses and compared our 2d elliptic genus with the instanton partition function up to 1 instanton order, which all show agreements.
So we saw that the instanton calculus provides the correct index for the E 8 6d SCFT. One virtue of this approach would be that, at a given order in q, the index is computed exactly in w. In particular, the chemical potential for the E-string number (the Coulomb VEV of 5d SYM) is an integration variable in the curved space partition functions, which can be used to study the conformal field theory physics. So knowing the exact form of the partition function in w will be desirable to understand the curved space partition functions.
Concluding remarks
In this paper we have found a description of E-strings which can be used to describe the IR degrees of freedom on it. This in particular includes the information about bound states of E-strings. The theory for n E-strings involves a (0, 4) supersymmetric quiver theory in 2 dimensions with O(n) gauge symmetry and some matter content. We in particular computed the elliptic genus of E-strings (including turning on fugacities for the E 8 flavor symmetry as well as SO(4) rotation transverse to the string in 6d) for small number of E-strings. We gave the explicit answer for n = 1, 2, 3, 4 and indicated how one can use these methods to obtain arbitrary n answers. Our results successfully pass the comparison checks with the partial results already known. Our results provide an all genus answer for the topological string on the canonical bundle over 1 2 K3. In addition, we explained how to compute the same elliptic genus using the instanton partition function of the 5d Sp(1) SYM theory coupled to 8 fundamental hypermultiplets.
There are a few natural extensions of the present work. First of all it would be nice to see if we can streamline the computation of the elliptic genus for arbitrary n. Even though our methods provide an answer, writing it explicitly is cumbersome. Secondly, it would be interesting to see if we can find an explicit description of the (0, 4) conformal theory they flow to. We have made some preliminary comments about it in this paper. Finally it would be interesting to see if we can use our results to come up with a domain wall description of the E-string amplitude as in [7] . Moreover one would like to use this to show that the partition function of a pair of n E-strings can lead to the partition function of n heterotic strings as is predicted by the Horava-Witten description of heterotic string.
Finally it would be interesting to generalize this to other (1, 0) superconformal field theories in 6d, and characterize all the 2d (0, 4) systems that one gets on the worldsheet of the associated strings.
Another example of modular form is the Dedekind eta function η(τ ), defined by The Jacobi theta function ϑ(τ, z) is a Jacobi form of weight (1 − q n )(1 + q n y)(1 + q n−1 y −1 )
(1 − q n )(1 + q n− From here, when we omit the parameter in various functions, it should be understood as τ . θ n (z)'s are related to others by the half-period shifts: Various identities: The modular forms E 4 , E 6 , and η can be expressed in terms of Jacobi theta functions with their elliptic parameters z set to zero:
